Introduction
A network can be conveniently modeled as a graph G = (V , E). A classical measurement of the fault tolerance of a network is the edge connectivity λ(G). In general, the larger the λ(G), the more reliable the network. Denote by δ(G) the minimum degree of G. It is well known that λ(G) ≤ δ(G). A graph G with λ(G) = δ(G) is said to be λ-optimal. Furthermore, if every minimum edge cut of G consists of edges incident to a vertex of minimum degree, then G is said to be super-λ, which was firstly proposed by Boesch [3] . Sufficient conditions for a graph to be λ-optimal or super-λ were studied by many authors.
As a more refined index than the edge connectivity, the restricted edge connectivity was proposed by Esfahanian and
Hakimi [6] . An edge set S ⊂ E(G) is said to be a restricted edge cut if G − S is disconnected and every component of G − S contains at least 2 vertices. The restricted edge connectivity of G, denoted by λ (G), is defined as the cardinality of a minimum restricted edge cut of G. Wang and Li [16] proved that the larger the λ (G), the more reliable the network. Define the parameter minimum edge degree ξ (G) = min{d(u) + d(v) − 2 : uv ∈ E(G)}. In [6] , the authors proved that λ (G) ≤ ξ (G) holds if G is a graph of order n ≥ 4 and is not isomorphic to the star K 1,n−1 . A graph G with λ (G) = ξ (G) is said to be $ This work is supported by the National Natural Science Foundation of China (10471081, 60773131).
λ -optimal. Furthermore, if every minimum restricted edge cut of G is a set of edges adjacent to a certain edge with minimum edge degree in G, then G is said to be super-λ . Some classes of λ -optimal graphs and super-λ graphs were studied in [1, 2, 8, 11, 12] . Fàbrega and Fiol [7] proposed a more general concept of k-restricted edge connectivity (called extra connectivity in their paper). For a connected graph G, an edge set S ⊂ E(G) is called a k-restricted edge cut if G − S is disconnected and every component of G − S contains at least k vertices. The k-restricted edge connectivity of G, denoted by λ k (G), is defined as the cardinality of a minimum k-restricted edge cut of G. Clearly, λ 1 (G) = λ(G) and λ 2 (G) = λ (G). It should be emphasized that not all connected graphs have k-restricted edge cuts. A connected graph G is said to be λ k -connected if G has a k-restricted edge cut. Sufficient conditions for graphs to be λ k -connected were shown by several authors [5, 13, 14] . According to recent studies on the k-restricted edge connectivity of G, it seems that the larger the λ k (G), the more reliable the network. So we expect λ k (G) to be as large as possible. For two disjoint vertex sets 
It has been shown that λ k ≤ ξ k holds for many graphs [14, 15, 17, 18] . A connected graph G with λ k (G) = ξ k (G) is said to be λ k -optimal. Furthermore, if every minimum k-restricted edge cut is a set of edges incident to a certain connected subgraph of order k, then G is said to be super-λ k . By definition, if G is super-λ k , then G is λ k -optimal. However, the converse is not true. For example, a cycle of length n ≥ 2k + 2 is λ k -optimal, but not super-λ k . Several researchers have studied the sufficient conditions for a graph to be λ k -optimal, for example Ou [15] , Zhang and Yuan [17, 18] .
For graph-theoretical terminology and notation not defined here we follow [4] . In this paper, we denote a bipartite graph
, we will usually omit the subscript for the graph when no confusion arises.
It is well known that many famous interconnection networks are bipartite graphs such as hypercubes, star graphs etc.
However, few results on the sufficient conditions for a bipartite graph to be λ k -optimal or super-λ k were given. In Section 2, we prove a sufficient condition for a bipartite graph to be λ -optimal and a sufficient condition for a bipartite graph to be super-λ . In Sections 3 and 4, we prove a minimum degree condition for a graph to be λ k -optimal and a minimum degree condition for a graph to be super-λ k , respectively. 
Super-λ bipartite graphs
Proof. By the assumption and Observation 2.1, we have that G is connected, and so the result follows when k = 1. 
Proof. By Lemma 2.2, G is λ -connected and λ (G) ≤ ξ (G). We shall prove that λ (G) ≥ ξ (G). Let U be a λ 2 -fragment of G and let
We shall consider the following two cases.
Suppose, without loss of generality, that U 0 = ∅. Let uv be an edge
Case 2. U 0 = ∅ and U 0 = ∅. By Observation 2.1, we have that the diameter of G is at most three and hence for any two vertices x, y with x ∈ U 0 , y ∈ U 0 , x, y belong to different partite sets, that is, either x ∈ X , y ∈ Y or x ∈ Y , y ∈ X . This implies that U 0 and U 0 are contained in different partite sets of G. Without loss of generality, let U 0 ⊂ X and U 0 ⊂ Y . By assumption, G has a matching that saturates every vertex in X or every vertex in Y . If G has a matching that saturates every vertex in X , then
Combining this with (2.1), it can be shown that
Similarly, we can show that λ (G) ≥ ξ (G) if G has a matching that saturates every vertex in Y . The proof is completed.
Theorem 2.4 ([4, Theorem 5.2, p. 72]). Let G be a bipartite graph with bipartition (X, Y ). Then G contains a matching that saturates every vertex in X if and only if
for any u, v ∈ X and any u, v ∈ Y , then G has a perfect matching.
. On the other hand, by assumption, |N(
, a contradiction. So G has a perfect matching. The proof is completed.
Combining Lemma 2.5 with Theorem 2.3, G is λ -optimal. The proof is completed.
Theorem 2.7. Let G(X ∪ Y , E) be a bipartite graph of order n ≥ 4. If G has a matching that saturates every vertex in X or every vertex in Y and
Proof. By Theorem 2.3, G is λ -optimal and hence λ (G) = ξ (G). Suppose to the contrary that G is not super-λ . Then there is a λ 2 -fragment U such that |U| ≥ 3 and |U| ≥ 3. Let U 1 = N(U) and
Without loss of generality, assume that
for any x ∈ U 11 , y ∈ U 12 , and
for any w ∈ U 1 except either w = u and U 11 = {u} or w = v and U 12 = {v}. Suppose that 
Proof. Combining G is balanced with
with Theorem 2.7, G is super-λ . The proof is completed.
Let k ≥ 2 be an integer and let 
Proof. (i) By assumption, we have
(ii) Suppose to the contrary that there is a connected subgraph
Similarly to the proof of
The proof is completed.
Lemma 3.2. Let G(X ∪ Y , E) be a λ k -connected bipartite graph and let U be a
} is not empty. 
Proof. Let
We shall show that there is a vertex v
Combining this with (3.1), we have that 
Since U is a λ k -fragment,
By the definition of ξ k (G), we have that
< 0 and hence (|U| − k)(
Theorem 3.5 ([9]). Let G be a connected bipartite graph of order n. If the minimum degree
δ(G) ≥ n + 1 4 , then λ(G) = δ(G).
Theorem 3.6. Let k be a positive integer and let G be a bipartite graph of order n. If the minimum degree
Proof. Let X and Y be the bipartitions of G. First we shall prove that G is connected. Let G 1 be an arbitrary component of G.
, it follows that V (G 1 ) ∩ X = ∅ and V (G 1 ) ∩ Y = ∅. Let x and y be two vertices with x ∈ V (G 1 ) ∩ X and
} is not empty. Assume that there exist two vertices
Thus the vertices in U * belong to the same partite set of G. Suppose, without loss of generality, that U * ⊆ X . We shall prove that |U ∩ Y | ≥ .
and hence |U ∩ Y | ≥ . Assume |U * | ≥ 2 and let u, v ∈ U * .
. On the other hand,
respectively. Then we have that
. Combining this with the assumption δ(G) ≥ n+2k 4
, we have that
Combining (3.6) with k ≥ 2, we have that n ≥ 4. For any two vertices u and v in U * (if exist),
If |U * | = 1, then the above deduction on u and v in U * is insignificant. We shall discuss the following two cases.
and hence there is a vertex set 
with (3.6), we have that
Therefore, in Case 2, there is always a connected induced subgraph By Lemma 3.1 (i) , G is λ k -optimal and hence λ k = ξ k , which contradicts the assumption that λ k < ξ k . The proof is completed.
For any pair of positive integers n, k with n ≡ 0( mod 4), k is even and n ≥ 2k + 1, let G 1 (X 1 ∪ Y 1 , E 
is not λ k -optimal. This example shows that Theorem 3.6 is the best possible in the sense that the condition δ(G) ≥ n+2k 4 − 1 does not imply that G is λ k -optimal.
Super-λ k bipartite graphs
In this section, we shall prove a sufficient condition for a bipartite graph to be super-λ k . We first prove a useful lemma in the following. 
